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On the Determination of the Deck Motion of Aircraft Carriers

P. A. CRAFTON

Security Systems and Awvigetion Branch
Electronics Division

A method s presented for determining the deck motion of un aircralt carvier in terms of the local
reference coordinate system of the ship. Determmation of motion 1s o prefude to prediction, andg pre-
diction 1s required to facilitate sate landing operanons under all weather conditims. Both determina-
tion and prediction are necessary in terms of the same local reference coordinate system as that used
by the landing aircraft themselves,

I'he finding of the deck motion s determimistic rather than stachastic, inasmuch as the probatahies
of knowing the sea state at any given ume and place and the ship's dvnamic response thereto s less
than the probability of a landing acadent not occurning The motuan would be determined by a dit-
ferential analyzer solving a svitem of six differential equations ot ship monon. Inputs to the differentnal
analvzer are readings of the accelerometers and the lattude and longitude data of the ship The
accelerometers are fixed to the body axes of the vessel, and “stable platforms™ are therefore not re-
quired. Computauon s thus performed only by electironic means.

INTRODUCTION

There are essentially two ways of determining the deck motion of aircraft carriers, and these
two methods basically apply to the determination of the moton of any vehicle. One is a self-
contained method, such as inertal or geomagnetic, and the other is based on the use of guide-
posts such as the sun or the other stars. In the guidepost method, sun or stellar trackers would
be used. If the trackers were optical, however, the method would be foreclosed by inclement
weather. If the uackers were radio telescopes, then the vessel must carry the appropriate an-
terias which may not be feasible because of their size and dynamics.

One could argue that the deck motion of a vessel would be known if the characteristic be-
havior pattern of the vessel were known for aset of given surtace waveforms of the sea. Such
characteristic behavior can be ascertamed experimentally, but only for the waveforms used in
the experiments, unless the differential equations of the nonlinear dynamic system of ship and
sea can be obtained. But this argument would be valid only if we could determine the con-
temporary surface wavetorm of the neighboring sea with suthaent precision from the moving
vessel itself, which is indeed a very difhcult thing to do. The input to the "black box™ must be
known in order to know its output without measuring that output, even though we assume a
linear box and know the characteristics ot the box. It we were to map the seven seas to determine
the probabibstic relationships between the surface waveforms and the location and ume of the
vear, then, itas argued, the surface waveforms are everywhere and alwavs known. But the
probabilines (assuming that tiie stochastic tests are exhaustive) would undoubtedly not be
greater than the probability of a carner-landing accident not occurring, and a stochastic method
of determination and hence prediction would therefore not be as usetul as a deterministic one.
This analyss theretore chooses a deterministic rather than a stochastic approach to the matter
of deck mouon.

Of the self-contained methods of deck-motion determination, the conventional inertial
method has been chosen, because the technology of it instrumentation s relavvely well ad-
vanced. The basic equations for deck motion will be set forth. The solutions of these equations
will he the six generaized coordinates of the carner deck. An analvsis of the prediction of
this motion will follow in 4 subsequent report. Teis the predicuon of the genetalized coordinates
that s of importance - carner-landimg operations, but we must fist know what we need to
predact.

NRI Problem RO4 04, ONR Progect RE 002 06 41 4200 This s anantenm sepote work an this problem s contimeing. Manus npt
submutted November 5, 1964
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Previous research* at NRL was concerned with the overall problem of Carrier All-Weather
Flying (CAWF), of which the deck-motion problem is a part. Additionally, some measurements
have been made of the motion of particular vessels (e.g, USS MACON) at sea. Data previously
obtainea give an indication of the frequency content of the wave motion of the sea and are
useful in the selection of the numerical parameters of predictors.

DIFFERENTIAL EQUATIONS OF DECK MOTION

An inertial system of motion determination requires a geocentric inertial reference frame,
but the actual carrier landing operation is performed in the context of a local Euchidean coordi-
nate system orniginating at the aircraft carrier and having the local vertical and the two local
horizontals as its coordinate axes. We therefore require two reference coordinate systems, as
well as several other coordinate systems.

Figure | shows what appear to be two sets of Euchidean coordinate systems. One set originates
at the geocenter, and the other set appears to originate at the aireraft carrier. The set apparently
originating at the carrier, however, consists of coordinate lines through the carrier that are
actually part of the set originating at the geocenter. Coordinate system v is the inertial reference
frame. The coordinate axes of v that pass through the vessel's center are called x'. The local
vertical at the ship is axis 2'; local horizontal axis 22 is tangent 10 the latitude curve of the earth;
local horizontal axis z? is tangent to the longitude curve of the earth. The 2! coordinate axes are
those coordinate lines of the geocenter-originating n coordinate system that pass through the
ship's center. Thus 9 rotates about the geocenter as the ship moves over the surface of th - earth.

The y'axes are the ship's body axes. Axis y! is the ship's vertical axis, and the y! plane is there-
tore the plane of the flight deck; y21s the tore-and-aft axis; and y? is the athwartship axis. These
axes are the coordinate lines through the ship's center of the w coordinate system originating at

\ /
Y ¥ ul
- |
' !
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'l
Fig 1 - Geocentre and local ship's

conrdinate syarems

*See tae Bibliographs o the end of thiviepent
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the geocenter. The w coordinate system rotates about the geocenter as the ship rolls, yaws, and
pitches about its center of mass.

‘The motion of the ship is established if we determine the motion of three noncolinear points
in the ship. We will choose a point on each of the body axes, and will fix our accelerometers
directly to the body axes, thus removing any need tor “stable plattorms.” At each point P, on
body axis y2, and at distance A, from the center of mass of the ship, we will establish a coordinate
system ya) such that each axis yl, is respectively parailel to y'. The accelerometers are mounted
at cach point such that the axes of the instruments are respectively parallel 1o the body axes of
the ship. Since, however. the ship has six degrees of freedom and therefore six generalized
coordinates, only six, rather than nine, accelerometers need be used. At Py, we will mount two
accelerometers with axes respectively parallel 1o y? and y3 at P, we will mount two accelerom-
eters with axes respectively parallel to yland 3% and at Py, we will mount two accelerometers
respectively parallel to y' and y2.

We will let the e, be the base vectors of the v coordinate system and therefore ot x as well.
The a, are the base vectors of the w coordinate system and therefore also of y, and the b, are the
base vectors of the n coordinate system and theretore also of 2.

The position sector of the center of mass of the ship is R, and the position vectors of the
accelerometer points P, are respectively r,. We theretfore have

r(ui=R+Atul‘a (n
and the acceleration of point P, is therefore
fa=R+A,, t. (2)

In terms of the coordinates of point Pg, in the w coordinate system (which is essentially the body
coordinate system), the position vedtor is

o) = Nw(‘” + N & .l(w:” + A 6.‘;) (3)
where the w!_are the coordinates of the ship's center. The velodity of P, is therefore
imb = ..i IU:” + .6‘.0:” + Amp .&l = id (u):r) + Nm 6,‘,) + & .b:” (4)

and the acceleration as

fa = & w(‘” + 2a, n'c“” + a, iiz('” + Aa) a0 = & (w(‘” + A 8)) + 2a, ab:” + a, i‘}:r), (5)
But
— 8“" -
a =e, Fyor (6)
where the e, are constant, and hence
. d du’
& (7)

T dr aw
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and
i=e d? v ()
= €, 0. .
Since dr* ow'
e, =a L 9)
= gy — ¢
we obtain ' du!
. aw* d ow
. — |, —— e st
LT ou! dt aw' (10)
and
i = dwt d* au
¢ B S drt awt an

In a carrier-landing operation, we are interested in the motion of the carrier in the context
of the 9 coordinate system rather than of the v coordinate system. We therefore write

dwk  ow* an"

and aul  an™ au (12)
du _ auw an*
dw'  an" aw' (13)
Thus
dow _ 3w din ' d i 14)
aif] dt dw' om" dt dw' dw' dt an" (
a4 o _ o d amt d éu dom”  an" d* ow (15)

diow anrditaw TS dian dt ow | aw dr an

The sets of equations of transformation between w and n and between n and v are linear, and
therefore dw*/an™ and an*/du’ are independent of the coordinates themselves and are func-
tions of the angles describing one coordinate system in terms of the other. The angles between
w and n are their set of Eulertan angles, and the angles between np and v are the earth's longitude
and latitude of the position of the ship. The Eulerian angles between w and 5 define the roll,
pitch, and yaw of the ship about its center with respect to the local reterence coordinate systeni z.
They are theretore three of the six generalized coordinates of the ship. The remaining three
generalized coordinates are the coordinates 0, of the ship’s center, essentially inits own local
reference coordinate system.

Let the @'(1), i = 1,2,3, be the Eulerian angles. And let € be a spherical coordinate system,
shown in Fig. 2, originatiny at the geocenter; €2 is the longitude relative to the nonrotating v
coordinate system, and €% is the latitude, of the vessel's positon on the surface of the earth.

We obtain

4o g, (16)
dt du'  duw' dPr

and

d dw _  dw

(Z&n"_f?n" 6_6’6' (7



1]
Fig. 2 — Sphendal coordinate system
for the ship's loc2uon
Therefore,
] 2 3 T L] %
d_anl=i( anl y)=L¢p¢’+ anl ¢p
di? dw' dt\ dw' apP ow' adP ad? dw' dP*
and
ou tul . P . . 1.
£ u=i( u r)=_u—fr[l+ d’u fr'
det an* d \dn" I¢" an" 3" 3¢ an® ¢’
Substituting Egs. (16) through (19) in Egs. (14) and (15), we obtain
ia_“}=a_“"_ﬂ._¢?p+ﬂ_'L“jér
dt dw' dn" dw' ad” ow' an” "
and
d* duw Ju’ a3n” g an* ! < atu ..
__u_=_u(,__n__¢y¢¢+—n_¢p>+ n ( £’£.+—u
dit aw'  an* \dw' IP? dd? w' dp? aw' \an" a¢" a¢* an" A€’
The time detivatives of the base vectors can now be written as
dut o ow ow* an™ (du! Iinp” an"  Jtw/
A T T T =M ( b+ — f')
du’ dt dw' an™ du’/ \an" av' a¢* dw' In" A€

and

awh A2 gul
a =

“RI. REPOR1 6215
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dw* an™
ow dit dwt ™ an™ dul

an"
du!

(

du/ a3n"
[an" (6w‘ FYYEYY

a3u/ Aty

an" AE" AE* &re

drdr +

ain"

dw' ad¥

an" A€’ fr)]

‘)

(18)

(19

(20)

. (20

(22)

(23)
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Substituting Eqs. (22) and (23) in Eq. (5), we obtain

. awk an™ sau)  a*nn . an* .\ .
Flar = Bk i) + 28k ( pp— f’) fe)
an™ Auw \an" Jw! d¢* dw! an" IE"
)
dw* an™ [ duw’ a'n n" . an" au/ ..
+ "7‘ ( ; dd»“ —'¢ )+ n‘(———frfl
an™ du’ [an® \du' ad? dadY o' mb" aw' \an" 3¢r A€’
a2u/
a » a{ ] (w“., +uA(ui 8:,)' (24)
Since
Weyt A 85 = wf) (25)
we can neglect the last term of Eq. (24), and the components of T are
k m J 20 . L] 2,,J .
Ak = ik Jw an'(au a*n (b"'*ﬂ u {r)_‘
Lo te) an™ du) \an" dw' AP aw' an" AT {e)
4 OH B [au} ( e drde + a™’ df') P ( AP
an™ ow |dn" \aw' ad* dd? w' ap* ar.: \an" 9é" 0¢é* &¢
8’u’ . 4
+ann agr ¢ )] uirb' (Zh)

I'he actual readings of the accelerometers are

kK = gk

hlm (ui & (27)
where the g€ are the components in the w coordinate system of the gravitational field intensity
g Since components of g are usually given in n, we wnit

ok
& (w) =y (n) ;9_")_' (28)

where the y! are the components of gin g

Equations (27) are the svstem of six differential eqaations of motion of the carrier (le(k
k, a =123, but @ # k. The solunons of this system of differential equations are the three
w! (1) and the three @'(e). The Af (£) are the fording tunctions of the system.

The @'(t) are three of the generalized coordinates of the carrier deck. The remaining three
generalized coordinates are

— nl ( W ‘“:' u,'l ¢I ¢2‘ ¢1) (2(’)

¢
n i) ()

(c)

which are functions of the u:”uml of the ¢

EQUATIONS OF COORDINATE TRANSFORMATION

The orthogonal transformations give 1ise to linear, equations ot coordinate transtormation.
I order to obtain the equations of coordinate transtormation between wand », we cause n to
undergo three successive fimite 1otational displacements @', The hirst rotation is that of % about

o
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n. 9 > v

Fig 3 — Fulenan .mglt-\‘

. o . - . . .‘- . .
axis n? to obtain another Eudhidean coordinate system ), as shown in Fig. 3a, whose base vectors
are ¢. This hrst rotational displacement is the fost Eulerian angle @', The equations of co-
ordinate transformation between n and g are

n=Aly (30)
where
os @ sing! 0
(AYy=|—sin ¢ cosd' 0 | (31)
0 0 1

The second Eulerian angle is the finite rotational displacement @ of 7 about axis 9" to obtain
the Eudlidean coordinate system " (Fig. 3b), whose base vectors are di. The equations of co-

ordinate transtformation are ]
W=B% (32)
where
1 0 . 0
(BH) =10 cos ¢ sin @2, (39%)

0 —sin¢? cos@?

The third Eulerian angle is the finite rotational displacement @3 of 3 about 3)* to obtain the
Euclidean coordinate system w (Fig. 3¢}, whose base vectors are the a,. The equations of co-
ordinate transformation are )

= iy
w =C7mn (34)
where
cos @? sing? 0
(C)) =|—sin@® wsd? 0). (35)
0 0 1

The overall equations of coordinate transtormation between w and 5 are therefore

w =1t (36)
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where

I‘)‘ = C‘|r B: A;‘ (37)
and therefore

cos ¢! cos ¢? cos ¢3 sin ¢! sin @? sin ¢?
— cos @2 sin @' sin ¢ + cos @? cos ¢! sin @P?

() = |= sin ¢* cos ¢! — sin ¢ sin ¢! cos @3 sin @2 |. (38)
— cos @2 sin @! cos 3  + cos @? cos ¢! cos ¢’

sin ¢! sin ¢? — sin ¢? cos ¢! cos ¢?
The inverse equations of coordinate transformation are
"' =E w (39)

where the matrix (Ej) is the inverse of (I'{) and is therefore

cos ¢! cos ¢? — sin ¢? cos ¢! sin @' sin ¢
— cos ¢? sin ¢! sin ¢  — cos @2 sin @' cos ¢?
(E}) = cos ¢* sin ¢! — sin @2 sin ¢! — sin ¢? cos ¢! |. (40)

+ cos @* cos ¢! sin ¢3  + cos @ cos P! cos ¢?
sin ¢? sin ¢?3 cos @3 sin ¢? cos ¢?

The transtormation 9 < v is also linear and invoives the longitude and latitude angles,
£? and ¢3, respectively. In order to derive these equations of coordinate transformation, we at
first consider the finite rotational displacement of u about u4® through a finite angle 2, resulting
therefore in a coordinate system ¢ (Fig. 4). This first orthogonal transformation is

Y! = u! cos €2 + u? sin €2
Y2 = —u!sin €2 + u? cos £ 41)

.b! = y3.

We then rotate ¢ through a finite angle € about axis 2, resulting therefore in coordinate
system 7, as shown in Fig. 5. This second orthogonal transformation is

nt = P! cos €3+ Y3 sin €3
nt =y (42)
N3 =— Y sin €3 + Y3 cos £3.

The overall equations of coordinate transformation are

n'=H W (43)
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Fig. 4 = Orthogonal transformation
due 10 longirude

where the Hj are

Fig. 5 — Orthogonal transformation
due to iattude

cos £2 cos &3 sin 2 cos £ sin §3
(H;) = | — sin §* cos £ 0 (44)
—sin 3 cos 2 —sin £ sin £3 cos §?
The inverse equations of coordinate transformation are
u' = K} n' (45)
where the matrix (K}) is the inverse of (H}). and is therefore
cos £2cos €3 —sin £ — sin €3 cos €2
(Kj) = | sin £* cos §° cos 2 — sin £? sin §3 (46)
sin £3 0 cos €3
We therefore have
o
aw
an'
w = B
(47)
an'
o
du' d
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Upon substitution of Eqs. (26) and (28) in Eq. (27), we obtain the differential equations of
motion of the carrier deck as

drde

k T . n 2,,) . R k m F 3
w., +2 mayin (M i/ W VUL L 6’) vl + Wy [—a—“— (———a N
an™ du’ \an" duw' IP* du' an” A€" an™ du’ Lan" \du' a¢* ad?

+_.9.12:_” )+9l:(__(Lf’§'+LUJ§')] w! _ylﬁl_‘j:hk (t)
o' ag? aw' \an" AE" aE* an" aE" () nl (a)

(h x=1,23; a # k) (48)

where the €2 and €3 give rise to coethaents that are also exphiatly dependent on time,

CONCLUSIONS

This report has presented an analysis of the deck motion of an aivavaft cavvier and has derived
the system of differential equations of motion. Modon is ascertained by the solution of the
system based on accelerometer readings and on latitude and longitade data as inputs 1o the
system. The accelerometers would be attached o the body axes of the vessel, and theretore no
“stable platforms™ would be required. All computation would theretore be by electironic means
alone.

Current information on the generalized coordinates of mouon is required in order that the
coordinates be predictable in time. Thus the outputs of the differential analyvzer solving the
system of differential equations become the inputs to a six-channel predictor.

Motion determination is based on motion measurement rather than on the d, namic response
of the vessel to a given sea state; the sea state cannot be determined with suthciency from the
moving vessel itself, and the behavior charactenistics of the ship cannot be adequately pre-
determined owing to the nonlinearity of the dynamic system of sea and ship.
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